Linear Systems, Matrix Notation, and Solving

Graph 2 lines in R? and only 3 things can happen:

lines are parallel lines intersect at lines are the same
exactly one point

Given equations for 2 lines,
these graphical possibilities show the 3 possibilities for a solution to both equations

y = = + 1 Yy = r + 1 r — y = —1
y = x — 2 y = —x + 3 —2r + 2y = 2
no solution unique solution infinitely many solutions
no point (1,2) is only point that all points on the line
makes both eqns true makes both eqns true make both eqns true
inconsistent consistent consistent and dependent
EF A linear equation in n variables x1, 2, x3, ..., T, is of the form

a1x1 + asxs + azrs + - apxy, = b

where a1, a9, as, ..., a, and b are real or complex numbers and ay,as,as, ..., a, are the coefficients
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Ex:y=a+1 Ex: 2321 — 29 + (10 — 3i)ay =7 Ex: 21 = 3(22 + 4a3)

DEF A system of linear equations is a collection of one or more linear equations involving the same variables.

3 T Ty + 200 + 3x3 = 14
EX: (3 examples on page 1) EX: xl 4oz 4 4m3 : 6 Ex: 2x; -— T2 + x3 = 13
! 2 5 —4xy + bxz = 33
DEF A solution of a system is a list of numbers (s1, $2, 83, ..., $5,) that make all of the equations of a
system true when substituted for x1, xo, x3, ..., T,, respectively.
DEF The solution set is the set of all possible solutions to a system.
DEF Two linear systems are equivalent if they have the same solution set.
31‘1 — r3 = 10

: —1)i luti h
Ex: (3,7,—1) is a solution to the system T

. — = -1
Ex: {(k,k+ 1)|k € R} is the solution set to the system _2i n 25 _
DEF A system of linear equations is called
° inconsistent if it has no solutions.
° consistent if it has either one or infinitely many solutions.
Furthermore, if it has infinitely many solutions the system is called dependent

IMPORTANT NOTE:
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DEF A matrix is a rectangular array of elements (often numbers)

An m x n matrix has m rows and n

columns

A system of linear equations can be represented by two types of matrices:

EX: Linear System

1. Coefficient Matrix

2. Augmented Matrix

coefficients of each variable

form the columns

3x1 + 3x3 = —6 3 0
r1 + 2x9 — x3 = 0 1 2 —1
2x1 — To + bdrz = 1 2 -1 5

the coefficient matrix with
an additional column
containing the RHS constants

3 0 —6
1 -1 0
2 -1 ) 1

3 Operations on systems/matrices that yield an equivalent system/matrix = Same solution set

(a). Interchange: Interchange 2 equations/rows

(b). Scaling: Multiply the entire equation/row by a nonzero constant

(c). Replacement: Replace one equation/row by the sum of itself and a multiple of another equation/row

Ex:
r1 + 200 + 3x3 = 14 Q
—4xo 4+ bxs = 33 @/
2r1 — To + x3 = 13 @
1. Interchange equations (2 and (3
r1 + 200 + 3x3 = 14 @
2x1 — Tro + r3 = 13 @
—4xo + bxz = 33 €)

2. Replace equation @ with: —2- D+ @

*2171 - 4952 - ()T3 = =28
201 — Ty + x3 = 13
—b5x9 — bxry = —15

1 + 209 + 3x3 = 14 €)

—bxre — Ox3 —15 2

—4x9 + bdxz = 33 3

Ex:
1 2 3 14
0 —4 5 33
2 -1 1 13

1. Interchange rows 2 and 3
1 2 3 14
2 -1 1 13
0 —4 5 33

RQ < Rg

2. Replace row 2 with: —2-rowl+4+row2 —2R:+R> — R

1 2 3 14
0 -5 =5 =15
0 -4 5 33
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1 1
3. Scale equation (2 by multiplying by —z 3. Scale row 2 by multiplying by —z 7;1?,2 — R
9
r1 + 209 + 3x3 = 14 @ 1 2 3 14
x2 + x3 = 3 2 o 11 3
—4dxy + bxz = 33 €) 0 —4 5 33
4. Replace equation @ with: 4- @+ @ 4. Replace row 3 with: 4 - row2 4+ row3 4R, + Rz — Rs
1 + 2x9 4+ 3x3 = 14 @ 1 2 3 14
29 + w3 = 3 @ 011 3
93 = 45 3 0 0 9 45
We could stop here and solve by back substitution. But we want an easier form.
: N 1 . 1 1
5. Scale equation (3 by multiplying by g 5. Scale row 3 by multiplying by 9 gfts = Rs
r1 + 2x9 4+ 3x3 = 14 @ 1 2 3 14
ro + a3 = 3 2 01 1 3
3 = 5 3 001 5
6. Replace equation @ with: —1- @+ @ 6. Replace row 2 with: —1-row3+row2 —Rs+ Rs — R
Replace equation (D) with: —3 - Q@+ @ Replace row 1 with: —3-row3+rowl —3R;+R; — Ry
r1 + 2x9 = -1 @ 1 20 -1
Ty - _9 @ 01 0 =2
z3 = 5 3 001 5
7. Replace equation (D with: —2- @+ (D 7. Replace row 1 with: —2-row2+rowl —2R,+ Ry — Iy
- — 3 @ 100 3
_ 01 0 =2
T2 = =2 @
3 0 01 5



