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o
Let’s expand the idea from the last worksheet to find a power series Z cp™ to represent a generic function f(x)
n=0

In other words, given f(x) find the coefficients ¢y, c1, ca, ... so that

o0
f(z) = Z ™ = co 4 17 + o2 + 33> + eyt + e’ + - -

n=0

Start by differentiating the above expression. That is, find the derivatives of f(z) and differentiate the power
series. Then evaluate them both at at x = 0.

flz) = co+ecr1m+cor? + c3x® + caxt + s’ + -+ f(0) = o
fl(x) = c1+2cr+3c32? +4cyxd +5esat + - - f(0) =
() = 2co+2-3cgw+3-dcga?+4-5c523 + - 1) =
f"(x) = 2-3c3+2-3-dcgx+3-4 5522+ f70) =

fO)(z) = 2-3-4¢4+2-3-4-5cs5x+--- fa0) =
f™(z) = nlc, + (terms multiplied by z*) f™o) =

Remember f(z) is given (i.e. known) and hence

£(0), £(0), £7(0), ..., f(™(0) can all be found by taking the derivatives of f

So the only unknown in equation f(™(0) = nle, is Cn .

Lucky for us, the coefficients ¢, are exactly what we set out to find. Solve:
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Repeat the process for a power series centered at x = a.

In other words, given f(x) find the coefficients ¢y, c1, o, . .. so that

n=0

Start by finding the derivatives and evaluating them at z = a.

f(z)

f'(x)

f(x)

f/// (1‘)

1)

F™ ()

co+eci(z—a)+calr—a)+cs(x—a)+cy(r—a) +cs(x—a)®+ - -

c1+2c(z—a)+3ecs(x—a)® +4es(r —a)® +5cs5(z —a)t + -+

2c9+2-3cg(x—a)+3-4deg(z —a)> +4-5c5(x—a)d + -

2:3c3+2-3-deg(z—a)+3-4-5c5(v—a)>+ -

2-3-4c4+2-3-4-5¢c5(x—a)+---

n! ¢, + (terms multiplied by (z — a))

Remember f(z) and a are given (i.e. known) and hence

f(a), f'(a), f"(a),..., f™(a) can all be found by taking the derivatives of f

So the only unknown in equation f(™(a) = nle, is Cn .

Lucky for us, the coefficients ¢,, are exactly what we set out to find. Solve:

f"(a)

fl// (a)

£ (a)

f(z) = ch(:v —a)"=co+ci(x—a)+er(z—a)’+es(z—a)P+elz—a)t+es(x—a) +---

€o



