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Def The set of Natural Numbers is the set {1, 2, 3, . . .} and denoted N .

Def The successor of a natural number is the number after it .

i.e. For each n ∈ N, the successor is n+ 1 . Similar definition for predecessor.

Peano Axioms ( Properties of N ) Use to prove most other common properties of N

N1. 1 ∈ N

N2. If n ∈ N, then n+ 1 ∈ N i.e. each number has a successor

N3. 1 is not a successor of any n ∈ N i.e. 1 does not have a predecessor in N

N4. If n,m ∈ N have the same successor, then n = m.

N5. If S ⊆ N and 1 ∈ S and ∀n ∈ S, n+ 1 ∈ S, then S = N

Mathematical Induction is a Direct Consequence of N5

S ⊆ N ⇔ Let S = {n ∈ N Pn is true}

1 ∈ N ⇔ Basis: Show that P1 is true

If n ∈ S, then n+ 1 ∈ S ⇔ Induction: Show that if Pn is true then Pn+1 is true

S = N ⇔ Conclusion: Pn is true ∀n
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Def The set of Natural Numbers is {1, 2, 3, . . .} and denoted N.

If n,m ∈ N,

1. Is n+m ∈ N? 2. Is n−m ∈ N?

So we need to expand our number system.

Def The set of Integers is {. . . ,−2,−1, 0, 1, 2, 3, . . .} and denoted Z.

If n,m ∈ Z,

3. Is n ·m ∈ Z? 4. Is
m

n
∈ Z?

We must expand again to include fractions.

Def The set of Rational Numbers is the set of all numbers of the form
m

n
, where m,n ∈ Z and n ̸= 0.

The set is denoted Q.

Notes:

• Avoid duplicate numbers in Q by considering
m

n
=

a

b
if mb = an. e.g.

2

3
=

8

12
since 2 · 12 = 8 · 3.

• Are terminating decimals in Q? yes e.g. 3.741 =
3471

1000

• Are repeating decimals in Q? yes e.g. 0.333 =
1

3

• Are all decimals in Q? no e.g. non-repeating, non-terminating decimals such as π

[Discussion and Sketches for
√
2 and π.]

So there are still Gaps between rational numbers in Q.
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Def An Algebraic Number is a number that is a solution (root or zero) of a polynomial equation with integer
coefficients.

i.e. An algebraic number is any number x = r that satisfies an equation of the form

anx
n + an−1x

n−1 + . . .+ a2x
2 + a1x+ a0 = 0 where a0, a1, . . . , an ∈ Z, an ̸= 0 and n ≥ 1.

Are all algebraic numbers not rational? No

e.g. x2 − 4 = 0 has roots x = 2,−2 so they are algebraic. But they are also integers, which are rational.

Are all rational numbers x =
m

n
algebraic? Yes

e.g. nx−m = 0 has roots x =
m

n
, so they are algebraic. HW: Prove that every rational number is algebraic.

Are all numbers that are not rational also algebraic? No

e.g. The equation x − π = 0 has roots x = π. But the equation has coefficients a1 = 1 and a0 = π so all of the
coefficients are not integers.

[Discussion and sketch sets so far.]

So there algebraic numbers did not fill in all the Gaps in our expanded number system. But before we expand
again, let’s consider properties of the system(s) we do have.


