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A =

a11 a12 a13
a21 a22 a23
a31 a32 a33



Multiply R2 and R3 by a11 −→

 a11 a12 a13
a11a21 a11a22 a11a23
a11a31 a11a32 a11a33



Replace
R2 → R2 + (−a21)R1

and
R3 → R3 + (−a31)R1

−→

a11 a12 a13
0 a11a22 − a12a21 a11a23 − a13a21
0 a11a32 − a12a31 a11a33 − a13a31



Multiply R3 by a11a22 − a12a21

−→a11 a12 a13
0 a11a22 − a12a21 a11a23 − a13a21
0 (a11a22 − a12a21)(a11a32 − a12a31) (a11a22 − a12a21)(a11a33 − a13a31)



Replace
R3 → R3 + [−(a11a32 − a12a31)]R2

−→

a11 a12 a13
0 a11a22 − a12a21 a11a23 − a13a21
0 0 a11∆



where

a11∆ = (a11a22 − a12a21)(a11a33 − a13a31)

−(a11a32 − a12a31)(a11a23 − a13a21)

= a211a22a33 − a11a13a22a31 − a11a12a21a33 + a12a13a21a31

−(a211a23a32 − a11a13a21a32 − a11a12a23a31 + a12a13a21a31)

= a11(a11a22a33 − a13a22a31 − a12a21a33

−a11a23a32 + a13a21a32 + a12a23a31)

So ∆ = a11a22a33 − a11a23a32 + a12a23a31 − a12a21a33

+a13a21a32 − a13a22a31

Ex: A =

3 2 1
4 5 2
5 2 2



Multiply R2 and R3 by 3 −→

 3 2 1
12 15 6
15 6 6


Replace
R2 → R2 + (−4)R1

and
R3 → R3 + (−5)R1

−→

3 2 1
0 7 2
0 −4 1



Multiply R3 by 7

−→

3 2 1
0 7 2
0 −28 7



Replace
R3 → R3 + (4)R2

−→

3 2 1
0 7 2
0 0 15
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Let’s try to rewrite this determinant for a 3× 3 matrix in a better form:

∆ = a11a22a33 − a11a23a32 + a12a23a31 − a12a21a33 + a13a21a32 − a13a22a31

= a11(a22a33 − a23a32)− a12(a21a33 − a23a31) + a13(a21a32 − a22a31)

= a11 ·
∣∣∣∣a22 a23
a32 a33

∣∣∣∣− a12 ·
∣∣∣∣a21 a23
a31 a33

∣∣∣∣+ a13 ·
∣∣∣∣a21 a22
a31 a32

∣∣∣∣
= a11 · det(A11)− a12 · det(A12) + a13 · det(A13)

where Aij is the matrix obtained by deleting row i and column j of matrix A .

Ex: Use this formula to compute the determinant of A =

3 2 1
4 5 2
5 2 2

. (Same matrix as on p. 1)

Def For n ≥ 2, the determinant of an n× n matrix A = [aij ] is given by

detA = a11 detA11 − a12 detA12 + . . .+ (−1)n+1a1n detA1n

=
n∑

j=1

(−1)j+1a1j detA1j

Note: If A is a 4× 4 matrix, Aij is a 3× 3 matrix. So detA is defined in terms of the determinant of a 3× 3 matrix, which in turn is defined in

terms of a 2× 2 matrix.


